
Chaos ARTICLE scitation.org/journal/cha

Clusterization and phase diagram of the bimodal
Kuramoto model with bounded confidence

Cite as: Chaos 30, 093134 (2020); doi: 10.1063/5.0020436

Submitted: 1 July 2020 · Accepted: 8 September 2020 ·

Published Online: 18 September 2020 View Online Export Citation CrossMark

André Reggio,1 Robin Delabays,1,2,a) and Philippe Jacquod1,3

AFFILIATIONS

1School of Engineering, University of Applied Sciences of Western Switzerland, CH-1950 Sion, Switzerland
2Automatic Control Laboratory, Swiss Federal Institute of Technology (ETH), CH-8092 Zürich, Switzerland
3Department of QuantumMatter Physics, University of Geneva, CH-1211 Geneva, Switzerland

a)Author to whom correspondence should be addressed: robin.delabays@hevs.ch

ABSTRACT

Inspired by the Deffuant and Hegselmann–Krause models of opinion dynamics, we extend the Kuramoto model to account for confidence
bounds, i.e., vanishing interactions between pairs of oscillators when their phases differ by more than a certain value. We focus on Kuramoto
oscillators with peaked, bimodal distribution of natural frequencies. We show that, in this case, the fixed-points for the extended model are
made of certain numbers of independent clusters of oscillators, depending on the length of the confidence bound—the interaction range—and
the distance between the two peaks of the bimodal distribution of natural frequencies. This allows us to construct the phase diagram of
attractive fixed-points for the bimodal Kuramoto model with bounded confidence and to analytically explain clusterization in dynamical
systems with bounded confidence.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0020436

There are many, very different physical systems that can be
mathematically modeled by sets of coupled oscillators. When
the coupling between individual oscillators is strong enough, the
oscillators start to swing in unison, at the same frequency, even
if their natural frequencies are quite different. The Kuramoto
model is a popular model to describe this phenomenon of syn-
chrony. Many physically important systems are characterized by
couplings between pairs of oscillators that depend on the position
of the latter. To investigate such systems, we construct an exten-
sion of the Kuramoto model, where the coupling vanishes for
pairs of oscillators that lie too far away from one another. Focus-
ing on a peaked bimodal distribution of natural frequencies, we
show that the synchronous states are characterized by a clustering
of the oscillators, where the system as a whole splits into discon-
nected subsystems that synchronize independently. The resulting
partitioning allows us to calculate linear stability and domain of
existence of these solutions and to construct the phase diagram
for the synchronous states vs the system’s parameters.

I. INTRODUCTION

The scientific study of emergent phenomena is based on
systems of interacting units—particles, agents, dynamical systems,

and so forth. Emergent phenomena are phenomena that cannot
be comprehended from the individual dynamics of the interacting
units. They would not occur without interaction and accordingly,
they often cannot be anticipated by more microscopic approaches
focusing on the system’s components. One such emergent phe-
nomenon is that of synchrony, where sufficiently strongly coupled
oscillators start to swing in unison. Synchrony emerges out of
the competition between the oscillator’s natural tendency to swing
at their own, natural frequency, and the inter-oscillator coupling
that tends to bind them together. To investigate this competition,
Kuramoto introduced his celebrated model1,2

θ̇i = ωi −
K

N

∑

j

sin(θi − θj). (1.1)

It describes i = 1, . . .N oscillators of natural frequencyωi coupled to
one another with a sinusoidal interaction of strength K/N. When the
latter exceeds a critical value, the model synchronizes and the oscilla-
tors rotate coherently at the same frequency. The critical interaction
strength leading to synchrony depends on the distribution of natural
frequencies.2 Of particular interest to us in this manuscript are cases
of bimodal distributions.3–5

Most systems of physical interest have, however, finite-range
interactions. This motivated investigations of the Kuramoto model
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with couplings defined on incomplete graphs.2,6 A question of inter-
est here is “how many phase-locked solutions to the Kuramoto
model are there?,” i.e., how many fixed-point solutions with θ̇i = 0
for all i are there to Eq. (1.1)? It turns out that answering that ques-
tion is hard and depends on both the coupling network topology
and the distribution of natural frequencies.7–17 Another interesting
aspect is that fixed-point solutions to Eq. (1.1) are characterized
by their basin of attraction and different solutions generically have
basins with different volumes.17–19

Modeling a finite range of interaction can be achieved either
by considering inter-oscillator couplings defined on incomplete
graphs or couplings depending on the phase of the oscillators.
The Kuramoto model has been extended to account for coupling
reduction when the phase difference between coupled oscillators
increases,

θ̇i = ωi −
αK

N

∑

j

sin(θi − θj)e
−α|θi−θj|. (1.2)

Because the model was applied to the problem of opinion syn-
chronization with ωi 6= 0, it was named the Opinion Changing
Rate model.20 With the sharp, exponential decrease of the interac-
tion strength when oscillator phases differ, it is reminiscent of the
Deffuant21 and Hegselmann–Krause22 models, where agents inter-
act only if their coordinate difference is below some threshold 1,
called the confidence bound. The Hegselmann–Krause model22 is
defined by

θ̇i = −
K

N

∑

j

aij(θi − θj), (1.3)

with a coupling adjacency matrix aij defined below in Eq. (2.2).23

Such models have been investigated mostly numerically and not
many of their properties are known analytically. Their main fea-
ture is that their fixed-point solutions display clustering24 where
agents coalesce on a finite number of different opinions. Analyti-
cally, convergence25 and convergence rates26 have been established.
More recently, inhomogeneous models with agent-dependent con-
fidence bounds have been investigated, with a focus on convergence
properties.27–29

Motivated by these earlier works, we extend here the Kuramoto
model to account for a finite, homogeneous confidence bound. In
this initial work on this problem, we focus on a peaked bimodal
distribution of natural frequencies. We determine and classify fixed-
point synchronous solutions. This is no trivial task: because of
the confidence bound, solutions determine the coupling network,
which in its turn determines the solutions. This self-consistency
induces additional nonlinearities in the problem, and, in particu-
lar, it truncates basins of attraction in configuration space, because
when phases change, so does the coupling network. Our main results
to be presented below are that (i) we identify all possible fixed-
point solutions and determine their general structure, (ii) for most of
these solutions, we identify their domain of existence in the model’s
parameter space, and (iii) we construct the phase diagram of the syn-
chronous fixed points of the model. Along the way, (iv) we prove
certain theorems on the linear stability of these fixed-point solu-
tions, and (v) analytically derive clusterization in dynamical systems

with bounded confidence, which so far had been established only
numerically.23

The paper is organized as follows. In Sec. II, we define the
model. In Sec. III, we discuss general properties of its synchronous,
fixed-point solutions. In particular, we argue that they generally are
made of several independent clusters. In Sec. IV, we characterize
the structure of the clusters making up the synchronous states and
identify two main types of clusters. In Sec. V, we come back to the
configuration of fixed-points as collections of clusters. We identify
which partitions of the total number of oscillators can give rise to a
stable fixed point. Their domain of existence in parameter space is
determined by the domain of existence of each of the clusters form-
ing them. We discuss the linear stability and domain of existence
of these fixed points. With these considerations, we are able to con-
struct the phase diagram of synchronous solutions to the Kuramoto
model with bounded confidence. Conclusions are given in Sec. VI.

II. THE MODEL

We consider a model of N Kuramoto oscillators with a dynam-
ics given by1

θ̇i = ωi −
1

N

N
∑

j=1

aij sin(θi − θj), (2.1)

where θi ∈ S
1 is the time-varying phase of the ith oscillator and

ωi ∈ R is its natural frequency. The original Kuramoto model,
Eq. (1.1), considered all-to-all coupling with aij = K, ∀ i, j = 1, . . .N.
Here, we extend it to account for a finite confidence bound 1 ≥ 0.
Accordingly, the adjacency matrix elements of the coupling graph
depend on phase differences and are defined as

aij =

{

1 if ‖θj − θi‖ ≤ 1,
0 otherwise,

(2.2)

where ‖θj − θi‖ gives the geodesic distance between θi and θj on S
1.

We depart somehow from the models of Eqs. (1.1)–(1.3) and absorb
the parameter K by a rescaling of time and of the natural frequen-
cies. The coupling aij between oscillators i and j is symmetric and
nonzero if and only if the geodesic distance between θi and θj is
smaller than 1. We note that for 1 ≥ π , the original Kuramoto
model with all-to-all coupling is recovered.1 The model defined by
Eqs. (2.1) and (2.2) finds its inspiration in the Deffuant model of
opinion dynamics,21 but deviates from it in three important respects.
First, the interaction between agents—oscillators in our case—is
sinusoidal and not linear; second, the phase of all oscillators evolves
continuously, as in Ref. 22, whereas the Deffuant model updates only
a single, randomly selected agent at each time step. In this sense, our
model is closer to the Hegselmann–Krause model;22 third, the agents
in our model have an intrinsic dynamics, which is absent in most
models of opinion dynamics, with the exception of Ref. 20.

In this first investigation of the Kuramoto model with con-
fidence bound, we consider the simplest nontrivial distribution of
natural frequencies, which is a symmetric peaked bimodal distribu-
tion

ωi =

{

ω0 if i ∈ I+,
−ω0 if i ∈ I−,

(2.3)
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with ω0 ≥ 0, where I+ and I− have the same cardinality and form a
partition of the set of oscillators’ indices. Our model is then charac-
terized by two parameters, the confidence bound1 ∈ [0,π] and the
splitting 2ω0 between natural frequencies.

III. GENERAL PROPERTIES OF SYNCHRONOUS STATES

Depending on the strength of their diffusive coupling and their
initial condition, Kuramoto models have a dynamic that brings them
toward synchronous states where all oscillators have the same fre-
quency, θ̇i = θ̇j for all i, j. Our symmetric distribution of natural

frequencies has
∑N

i=1 ωi = 0; accordingly, all synchronous states are
fixed-point solutions to Eqs. (2.1) and (2.2), θ̇i = 0, for all i. They
are therefore determined by their phases, modulo any homogeneous
shift θi → θi + C. We denote by θ

∗ ∈ T
n the equivalence class of

such fixed-points and from now on we do not distinguish fixed
points and their equivalence class. When ‖θ∗

j − θ∗
i ‖ ≤ 1, ∀ i, j, the

fixed-point synchronous state corresponds to a complete coupling
graph; accordingly, it is the same as for the standard Kuramoto
model.1 For that model, it is, however, well known that the distance
between angles in the synchronous state depends on the distribution
of natural frequencies, with the distance between angles increasing
with the width of the distribution (see, e.g., Ref. 30). Therefore, for
fixed confidence bound 0 < 1 < π/2, the coupling graph for such
a state will no longer be complete, once ω0 exceeds some thresh-
old value. Consequently, such a state may no longer be a fixed-point
synchronous state for Eqs. (2.1) and (2.2), while simultaneously new,
different synchronous states may arise. In other words, for a given
fixed-point θ

∗, the coupling matrix aij of Eq. (2.2) depends on θ
∗,

which depends on aij in its turn. This self-consistency is what makes
this problem mathematically challenging and interesting.

Generally speaking, the coupling matrix defined by a fixed-
point may correspond to a connected or to a nonconnected graph.
In the former case, the problem is that of a Kuramoto model on a
complete or non-complete graph, while the latter splits into sub-
problems, each of them defined by a connected component of the
coupling graph. For fixed-point synchronous solutions to Eqs. (2.1)
and (2.2), each connected component corresponds to a set of oscil-
lators that are synchronous and independent of oscillators in other
connected components. We refer to these connected components as
clusters. Consider then a fixed-point solution θ

∗ corresponding to a
disconnected coupling graph aij. The oscillator phases and natural
frequencies within each cluster3 of oscillators must satisfy

∑

i∈3

ωi −
1

N

∑

i,j∈3

aij sin(θ∗
i − θ∗

j ) = 0, (3.1)

and because the coupling matrix is symmetric, the second term
on the right-hand side must vanish. Hence,

∑

i∈3 ωi = 0; accord-
ingly, each cluster 3 contains the same number of oscillators from
I+, with natural frequency ω0 as from I−, with natural frequency
−ω0. Fixed points, therefore, form sets of independent clusters,
and accordingly correspond to certain partitions of the oscillators.
Because each acceptable partition consists of clusters with as many
positive-frequency as negative-frequency oscillators, they are effec-
tively partitions of N oscillators in sets of even cardinality. We next
discuss in detail what conditions these partitions need to satisfy.

IV. SYNCHRONOUS STATES

Synchronous states are made of clusters. Individual clusters
satisfy Eq. (3.1) and, therefore, consist of two groups of equal num-
bers of oscillators, one with positive, the other one with negative
natural frequencies. One may expect that all oscillators in each of
these two groups have the same phases. We show that this is indeed
the case for all-to-all clusters in stable fixed points in Sec. IV C.
Before that, we first consider such synchronized clusters and deter-
mine their domain of existence in the (1,ω0) parameter space.
We next show that these are the only stable synchronous states for
clusters with all-to-all coupling. Finally, while we cannot rule out
the existence of different synchronous states for sparse coupling
graphs, we show that the latter are systematically less stable and
have a smaller domain of existence than synchronous clusters with
all-to-all coupling.

A. 2-group all-to-all clusters with peaked bimodal

phases

We consider first a cluster with 2n oscillators on a complete
coupling graph, in a configuration which we call 2-group, where the
n oscillators with natural frequency ω0 all have the same phase and
the same holds for the n oscillators with natural frequency −ω0.
Such clusters are depicted in blue in Fig. 1. We write

θi =

{

θ+, i ∈ I+,
θ−, i ∈ I

−
.

(4.1)

Because we assume that the coupling graph is complete, ||θ+
− θ−|| ≤ 1, and all other clusters have angles further away than
a distance 1 from either θ+ or θ− (green arrow in Fig. 1). From
Eq. (2.1), one further has

ω0 =
n

N
sin(||θ+ − θ−||). (4.2)

FIG. 1. Illustration of the two types of clusters that we distinguish. The blue oscil-
lators all lie within an arc of length smaller than 1 and are aggregated in two
groups of N/2 oscillators at the same phase. They are then all connected with
each other and form the all-to-all interaction graph illustrated in blue on the top
right side. If, within a group of oscillators, some of them are further away than1
from each other, but they all belong to a connected interaction graph, then they
form a sparse cluster, as illustrated in orange. A fixed point can be formed of one
or more clusters, each of them being either all-to-all or sparse. If two clusters coex-
ist, the arc length between their closest oscillators must be larger than1 (green
arrow).
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Together, these two conditions demarcate the domain of existence
of such a cluster in the (1,ω0) parameter space,

ω0 ≤

{

n sin(1)/N if1 ≤ π/2,
n/N if1 > π/2.

(4.3)

B. Linear stability of fixed points made of 2-group

clusters

To be attractive, a fixed-point synchronous state needs to be
linearly stable, that is, the Jacobian matrix of the coupling term of
Eq. (2.1),

Jij =

{

aij cos(θ∗
i − θ∗

j ) if i 6= j,

−
∑

k 6=i aik cos(θ∗
i − θ∗

k ) if i = j,
(4.4)

is negative (semi-)definite in a neighborhood of the fixed point
θ

∗. For a fixed point with multiple clusters, J is a block-diagonal
weighted Laplacian matrix, each block corresponding to one of its
cluster. The spectrum of the Jacobian is the union of the spectra of
its blocks, and the linear stability of each cluster, determined by the
spectrum of each block, can be analyzed independently.

From Eq. (4.4), each block has the structure of a Laplacian
matrix, with zero row and zero column sums of its elements. Then,
one of its eigenvalues vanishes. We order its eigenvalues as 0 = λ1

≥ λ2 ≥ · · · ≥ λ2n, and the condition for stability is λ2 < 0. We can
write J as

J =

(

A B
B A

)

, (4.5a)

A = 1n×n − n (cos(||θ+ − θ−||)+ 1)In×n, (4.5b)

B = cos(||θ+ − θ−||) 1n×n, (4.5c)

where we introduced the n × n matrix (1n×n)ij = 1 for all i, j and the
n × n identity matrix In×n. The following proposition shows that 2-
group fixed-point clusters are linearly stable, from which the linear
stability of synchronous states made of independent such clusters
follows.

Proposition IV.1: The eigenvalues of the stability matrix
associated with a cluster in the 2-group configuration are λ1 = 0,
λ2 = −2n cos(||θ+ − θ−||), and λm≥3 = −n[cos(||θ+ − θ−||)+ 1].
The corresponding eigenvectors are

u1 = (2n)−1/2(1, . . . , 1), (4.6a)

u2 = (2n)−1/2(1, . . . , 1
︸ ︷︷ ︸

n

, −1, . . . , −1
︸ ︷︷ ︸

n

), (4.6b)

um≥3 = 2−1/2(0, . . . , 0, 1, −1
︸ ︷︷ ︸

at position (x,x+1)

, 0, . . . , 0),

x ∈ {1, . . . , n − 1, n + 1, . . . , 2n}. (4.6c)

A cluster in the 2-group configuration is linearly stable if and
only if ||θ+ − θ−|| < π/2.

Proof. It is straightforward to see that the eigenmodes given
above form a complete orthogonal basis. Using Eq. (4.5), a direct
calculation shows that J um = λmum.

While λm≥3 is always negative, λ2 is negative if and only if
||θ+ − θ−|| < π/2, which concludes the proof. �

Remark: Because λ2 is the only eigenvalue that can become
positive, u2 gives the only possible direction of instability.

We are interested in stable fixed points only. From now on,
we will restrict to ||θ+ − θ−|| ≤ π/2. This restriction together with
Proposition IV.1 implies that Eq. (4.2) only has one solution

||θ+ − θ−|| = arcsin

(

ω0

N

n

)

, (4.7)

with cluster sizes 2n ≤ N and accordingly

λ2 = −2n

√

1 −

(

ω0

N

n

)2

, (4.8)

which is valid as long as ω0N/n ≤ 1.
Corollary IV.2: The eigenvalues and eigenvectors given in

Proposition IV.1 are also eigenvalues and eigenvectors for the stability
matrix of an all-to-all Kuramoto model defined in Eq. (2.1) with con-
stant coupling aij = 1, for all i, j and the distribution (2.3) of natural
frequencies. For that model, Eqs. (4.7) and (4.8) mean that synchrony
is lost when 2ω0 > 1.

C. General all-to-all clusters

We next consider all-to-all clusters without the 2-group con-
dition. We show that synchronous fixed points solutions for such
clusters are not linearly stable and are, therefore, not relevant for
our goal of determining the (1,ω0) phase diagram of stable fixed
points for the model defined in Eqs. (2.1)–(2.3).

Theorem IV.3: Any linearly stable fixed-point solution
for clusters of 2n oscillators with the dynamics determined by
Eqs. (2.1)–(2.3) and with all-to-all interactions is necessarily in the
2-group configuration defined in Eq. (4.1).

Proof. Consider the standard Kuramoto order parameter1

reiψ :=
1

2n

2n
∑

j=1

eiθj , (4.9)

restricted to the oscillators on the cluster. As the interaction is all-
to-all, Eq. (2.1) can be rewritten as

θ̇i = ωi − r sin(θi − ψ), (4.10)

where ψ can be set to zero by a redefinition of all angles, without
loss of generality. Once this is done, all phases θ∗

i of any fixed-point
solution must satisfy

sin(θ∗
i ) =

ωi

r
, (4.11)

self-consistently with Eq. (4.9). With our choice of natural frequen-
cies ωi = ±ω0, there are four angles θ∗ ∈ [0,π/2], π − θ∗, −θ∗,
and −π + θ∗ that solve Eq. (4.11). Generic fixed-point solutions for
clusters of 2n oscillators are, therefore, made of four groups of oscil-
lators of sizes n1, n2, n3, and n4 at those angles. This is illustrated in
Fig. 2.
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FIG. 2. Location of the four solutions of Eq. (4.11) on the unit circle.

One can then write the Jacobian matrix in block form as

J =








D1 −c1n1×n2 −1n1×n3 c1n1×n4

−c1n2×n1 D2 c1n2×n3 −1n2×n4

−1n3×n1 c1n3×n2 D3 −c1n3×n4

c1n4×n1 −1n4×n2 −c1n4×n3 D4








, (4.12)

where Di = 1ni×ni
+ di Ini×ni

, c = cos(2θ∗), and

d1 = (n2 − n4)c + (n3 − n1),

d2 = (n1 − n3)c + (n4 − n2),

d3 = (n4 − n2)c + (n1 − n3),

d4 = (n3 − n1)c + (n2 − n4).

(4.13)

Equation (4.12) shows that, unless ninj = 0 with (i, j) = (1, 3)
and (2, 4), J has negative off-diagonal matrix elements, contribut-
ing a positive amount to the diagonal matrix elements. We are
going to show that the presence of these positive contributions to
the diagonal matrix elements results in at least one positive eigen-
value for J . Therefore, the only stable fixed-points for clusters of 2n
oscillators and all-to-all coupling are those with either n2 = n3 = 0
or n1 = n4 = 0, for 0 ≤ 2θ∗ ≤ π/2, or with either n1 = n2 = 0 or
n3 = n4 = 0, for π ≥ 2θ∗ ≥ π/2 since then all angle differences
are smaller than π/2. These are the 2-group cases treated above in
Sec. IV B.

Assume that n1 > 0 and n3 > 0 and consider the matrix −J .
Sylvester’s criterion states that −J is positive semidefinite if and
only if all its principal minors are nonnegative.31 Take a principal
minor as the determinant of the 2 × 2 matrix obtained by keeping
the matrix elements of −J connecting one of the n1 oscillators in
the first set to one of the n3 oscillators in the third set of oscillators
and the corresponding diagonal elements. One obtains

[−J ]ij = − [(n4 − n2)c + (n1 − n3)]
2 ≤ 0. (4.14)

This minor is negative; hence, by Sylvester’s criterion, −J is not
positive semidefinite and J is not negative semidefinite. The corre-
sponding fixed point is, therefore, unstable. Similar arguments lead

to the same conclusion, unless the 2-group conditions, n2 = n3 = 0
or n1 = n4 = 0, for 0 ≤ 2θ∗ ≤ π/2, or with either n1 = n2 = 0 or
n3 = n4 = 0, for π ≥ 2θ∗ ≥ π/2, are satisfied. This concludes the
proof. �

By Theorem IV.3, the only stable all-to-all clusters are in the 2-
group configuration. The remaining case of clusters that interact on
sparse, incomplete coupling graphs is discussed in Sec. IV D.

D. Sparse clusters

Numerical results show that relatively rare initial conditions
for the bimodal Kuramoto model with confidence bound defined in
Eqs. (2.1)–(2.3) lead to fixed points, where oscillators have clustered
phases with a spread exceeding 1. Such clusters are illustrated in
orange in Fig. 1. When this is the case, clusters correspond to con-
nected but incomplete graphs. We call them sparse clusters. These
clusters are harder to analyze, in particular, the analysis leading to
Eq. (4.2) and the identification of the domain of existence of all-to-
all fixed points cannot be applied to sparse clusters. We have been
unable to include sparse clusters into the phase diagram for stable
fixed points; however, we observed numerically that they are rare
in the sense that they attract only few initial phase configurations.
Here, we shed light on this numerical observation by showing that
sparse clusters have (i) smaller domain of existence and (ii) lower
stability than all-to-all clusters.

We first need the following lemma, which relates the angle
difference ||θ+ − θ−|| in all-to-all clusters to the angle difference
between oscillators corresponding to the natural frequency ω0 and
those for −ω0 in sparse clusters.

Lemma IV.4: Let θ
∗ ∈ R

2n be a fixed point for Eqs. (2.1)–(2.3)
in a sparse cluster configuration. Assume that in a certain range of
parameters (1,ω0) it coexists with a fixed point in the all-to-all con-
figuration, and let ||θ+ − θ−|| be the angle difference for that fixed
point. Then,

sin(||θ+ − θ−||) =
1

n2

∑

i∈I+

∑

j∈I−

aij sin(θ∗
i − θ∗

j ) =: S, (4.15)

with aij defined in Eq. (2.2).
Proof. Comparing Eq. (2.1) for both fixed points gives

n sin(||θ+ − θ−||) =
∑

j

aij sin(θ∗
i − θ∗

j ) (4.16)

for all i ∈ I+. Summing Eq. (4.16) over i ∈ I+ and noting that
∑

i∈I+

∑

j∈I+
aij sin(θ∗

i − θ∗
j ) = 0 by symmetry gives Eq. (4.15) and

concludes the proof. �

With Lemma IV.4 at hand, we can show that fixed points cor-
responding to all-to-all clusters have the largest domain of existence
in the (1,ω0) parameter space.

Theorem IV.5: For the same number of oscillators 2n, the
domain of existence of stable fixed points in the all-to-all configura-
tion contains the domain of existence of stable fixed points in a sparse
configuration.

Proof. Equation (4.15) states, in particular, that at least one
angle difference between connected oscillators in the sparse fixed
point is larger than the angle difference ||θ+ − θ−|| in the all-to-
all fixed point. This is so because sparsity implies that at least one
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aij = 0 on the right-hand side of Eq. (4.15), while for pairs of
connected oscillators, one has aij = 1. For both fixed points, the con-
fidence bound 1 must exceed the largest angle difference between
pairs of connected oscillators. Therefore, everything else being fixed,
the smallest admissible value of1 for a sparse configuration is larger
than the smallest admissible 1 for the all-to-all configuration, i.e.,
the domain of existence of the sparse fixed point is contained in the
domain of existence of the all-to-all fixed point. �

We next show that fixed points corresponding to all-to-all
clusters are more stable than those corresponding to sparse clusters.

Theorem IV.6: For the same number of oscillators 2n, the
largest non-vanishing eigenvalue of the Jacobian [Eq. (4.4)] is smaller
for the stable fixed point in the all-to-all configuration than for a
stable fixed point in a sparse configuration.

Proof. Let J and J ′ be the Jacobian matrices of Eq. (2.1)
corresponding to the fixed points, respectively, in all-to-all and
sparse configurations. Let 0 = λ1 > λ2 ≥ · · · ≥ λ2n, u1,. . . ,u2n and
0 = λ′

1 > λ′
2 ≥ · · · ≥ λ′

2n, u
′
1,. . . ,u

′
2n be their eigenvalues and eigen-

vectors. In particular, the eigenvalues of J are given in Proposition
IV.1 as a function of the phase difference ||θ+ − θ−|| [see Eq. (4.7)]
between oscillators with positive and negative natural frequencies.
The phase coordinates of the sparse fixed point are θ

∗ ∈ R
2n.

Because J ′ is real symmetric, each of the above two sets of
eigenvectors form an orthonormal basis of R

2n. This implies that for
any vector v such that v ⊥ u1 = u

′
1 = (2n)−1/2(1, . . . , 1),

v
>J ′

v

||v||2
≤ λ′

2. (4.17)

In particular, this is true for v = u2. Thus, if we can prove that

u
>
2 J

′
u2 > λ2, (4.18)

then we simultaneously prove that λ′
2 ≥ λ2.

With Eqs. (4.4) and (4.6b), a straightforward calculation shows
that

u
>
2 J

′
u2 = −

2

n

∑

i∈I+

∑

j∈I−

aij cos(θ∗
i − θ∗

j ) =: −2nC. (4.19)

Because we consider stable fixed point, J ′ is negative semidefinite
and, therefore, C ≥ 0. Combining Eq. (4.19) and the expression of
λ2 in Proposition IV.1, proving Eq. (4.18) is equivalent to proving

cos(||θ+ − θ−||) >
1

n2

∑

i∈I+

∑

j∈I−

aij cos(θ∗
i − θ∗

j ) = C. (4.20)

Because C ≥ 0, this inequality can be rewritten as

C2 + S2 < 1, (4.21)

where S is defined in Eq. (4.15). Equation (4.21) is finally verified by
direct computation,

C2 + S2 = n−4
∑

i,k∈I+
j,l∈I−

aijakl cos
[

(θ∗
i − θ∗

j )− (θ∗
k − θ∗

l )

]

, (4.22)

which is necessarily smaller than 1. By equivalence of Eqs. (4.21),
(4.20), and (4.18), we conclude that λ′

2 ≥ λ2, which concludes the
proof. �

Remark: Equation (4.22) takes value 1 only for the all-to-
all cluster, for which aij = 1, and (θ∗

i − θ∗
j )− (θ∗

k − θ∗
l ) = 0 for i,

k ∈ I+ and j, l ∈ I−.
This concludes our discussion of independent clusters of oscil-

lators in stable fixed points. Fixed points of the Kuramoto model
with confidence bound, defined in Eqs. (2.1)–(2.3), are formed of
independent clusters. We know from numerical data that some of
these fixed points are made of sparse clusters, but most of them are
made of all-to-all clusters within which all pairs of oscillators are
coupled. For the latter, since oscillators come in pairs of as many
oscillators with positive as with negative natural frequencies, stable
fixed points are characterized by only two phase values, depend-
ing only on the two natural frequencies in our bimodal Kuramoto
model. The difference between the two phase values is given in
Eq. (4.7). This allows us to demarcate the domain of existence of
these fixed points and to compute the value of the largest negative
eigenvalue of the corresponding stability matrix, giving a measure
of the fixed point linear stability.

Unfortunately, we are not able at this stage to demarcate the
domain of existence of sparse clusters, or to evaluate the largest
eigenvalue of their stability matrix. Still we are able to prove that
their domain of existence in the (1,ω0) parameter space is smaller
and that they are less stable, in the sense of the largest negative eigen-
value of the stability matrix, than all-to-all clusters with the same
number of oscillators. This explains our numerical observation that
fixed points with sparse clusters are rare. From here on, we focus on
all-to-all clusters.

V. PARTITIONS

Fixed points are in general made of several clusters and accord-
ingly correspond to partitions of the total number N of oscillators
in the system. Because of our choice of a peaked bimodal distribu-
tion of natural frequencies, ωi = ±ω0, we know that each cluster in
this partition consists of an even number 2nα of oscillators, with
α indexing the clusters. A fixed point is, therefore, represented by
a partition of its N oscillators into subsets 3α , with

∑

α 2nα = N.
We now consider such partitions into all-to-all clusters and evaluate
their domain of stability.

A. Linear stability

The spectrum of the Jacobian/stability matrix for a fixed point
made of Nc independent clusters is given by the union of the spectra
of the Jacobians of each independent cluster. The linear stability of

the fixed point can then be measured by the largest eigenvalue λ(α)2

corresponding to its least stable cluster α. Equation (4.8) states that
this is the cluster with smallest number nα of oscillators. To com-
pare the stability of two coexisting but different fixed points, one,
therefore, looks for the smallest clusters with different sizes in both
partitions. A numerical example will be given for the case of N = 12
oscillators, where the fixed point with a single cluster of 2n = N
oscillators is the most stable, while the partition with six clusters of
2n = 2 oscillators is the least stable.

B. Domain of existence

Equation (4.3) demarcates the domain of existence of a single
cluster. A fixed point corresponds to a partition into Nc clusters, each
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of them having its limited domain of existence—it must be able to
exist individually—and each cluster being sufficiently far away from
any other one so as to not interact with it.

The condition that each cluster must be able to exist indepen-
dently limits the value of ω0 with respect to the smallest cluster size
as

ω0 ≤









minα[fα] sin(1) if1 ≤
π

2
,

minα[fα] if1 >
π

2
,

(5.1)

where 2fα = 2nα/N ∈ [0, 1] gives the fraction of oscillators in cluster
α. The condition that each cluster does not interact with any other
one reads

min
i 6=j

D(3α ,3β) > 1, ∀α,β , (5.2)

where the distance between two clusters labeled3α and3β is

D(3α ,3β) := min
i∈3α ,j∈3β

||θ∗
i − θ∗

j ||. (5.3)

Equation (4.8) shows that the phase difference ||θ∗
α,+ − θ∗

α,−|| giving
the angular spread of each cluster increases withω0 so that the maxi-
mal value for ω0 still accepting the coexistence of a partition is given
by

N−1
c

(

2π −

Nc∑

α=1

||θ∗
α,+ − θ∗

α,−||

)

> 1. (5.4)

With Eq. (4.7), we finally get a second condition for the domain of
existence in the (1,ω0) parameter space of the fixed point with Nc

clusters,

N−1
c

(

2π −

Nc∑

α=1

arcsin
(

ω0/fα
)

)

> 1. (5.5)

Equations (5.1) and (5.5), together with the general stabil-
ity condition ||θ∗

α,+ − θ∗
α,−|| ≤ π/2, α = 1, . . . , Nc demarcate the

domain of existence of a fixed point characterized by a given parti-
tion. Figure 3 shows the phase diagram for the existence of different
fixed points characterized by different partitions in the (1,ω0)

parameter space for a system of N = 12 oscillators.
Our findings are valid in the limit ω0 ↘ 0, where the two

groups forming each cluster coalesce. The bottom line of Fig. 3
shows the multiplicity of possible clusterings with respect to1 in the
limit ω0 ↘ 0. It gives an analytical description of the 1-dependent
clustering that has been observed numerically in similar models.23

A final result allows one to anticipate which partition has the
largest domain of existence, without resorting to a direct calculation
of the boundaries of the domains.

Proposition V.1: For a fixed number of clusters Nc, the fixed
point of the bimodal Kuramoto model with confidence bound defined
in Eqs. (2.1)–(2.3), corresponding to the partition where all clus-
ters have the same number of oscillators, has the largest domain of
existence.

Proof. First, Eq. (5.1) states that, to minimize the constraints
on ω0 vs 1, the smallest cluster has to be as large as possible. This
is obtained for an homogeneous size of the clusters with fα = 1/2Nc

for all α. The region delimited by Eq. (5.1) is largest for equally sized
clusters.

FIG. 3. Domains of existence of the stable fixed points and the correspond-
ing partitions of the bimodal Kuramoto model with confidence bound defined
in Eqs. (2.1)–(2.3) with N = 12 oscillators. Each colored line gives the upper
boundary of the existence domain of the corresponding partition. The gray scale
indicates the number of different possible fixed points in the 2-group configuration
for each area.

Second, to maximize the domain of existence delimited by
Eq. (5.5), we want the clusters to take as little space as possible on
the circle. From Eq. (4.7), and using the convexity of arcsine, one
has

N−1
c

Nc∑

α=1

||θ∗
α,+ − θ∗

α,−|| ≥ arcsin

(

ω0N
−1
c

Nc∑

α=1

1

fα

)

. (5.6)

We further use the inequality between harmonic and arithmetic
means,32

Nc

(
Nc∑

α=1

1

fα

)−1

≤ N−1
c

(
Nc∑

α=1

fα

)

, (5.7)

to rewrite Eq. (5.6) as

N−1
c

Nc∑

α=1

||θ∗
α,+ − θ∗

α,−|| ≥ arcsin(2ω0Nc). (5.8)

The final step is to realize that the right-hand-side of Eq. (5.8) gives
the average cluster angle in the partition with equal-size clusters.
Equation (5.6) states that it minimizes the average cluster angle,
which concludes the proof. �
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FIG. 4. Illustration of the two conditions (5.1) and (5.5) for partition with Nc = 1
(blue), Nc = 2 (green), and Nc = 3 (purple) cluster(s) of equal size. Condition
(5.1) is satisfied below the plain line, and (5.5) trivially satisfied for 1 ≤ 1max

= 2π
Nc

− π

2
and is satisfied below the dashed line for1 > 1max.

The phase diagram depends on partitions of the number of
oscillators into clusters with even number of oscillators and, there-
fore, depends on N. Because Eqs. (5.1) and (5.5) depend on the
half-fraction fα of oscillators in each cluster, and not on N, we can
nevertheless extract general, N-independent properties of the phase
diagram and of fixed-point stability.

First, a characteristic feature of all but one domain of exis-
tence is the nonmonotonicity of their upper demarcation line, which
increases first to reach a maximal value ofω0 to then decrease, except
for the single-cluster fixed point. This is easily understood for homo-
geneous fixed-points with equal-size clusters, which we explain here.
In this case, the demarcation line rises for 0 ≤ 1 ≤ 1max, following
the condition given in Eq. (5.1) and reaches its maximal value for
ω0 at 1 = 1max := 2π

Nc
− π

2
. Then, for 1max < 1 ≤ 2π

Nc
, the domain

is constrained by Eq. (5.5) and the demarcation curve goes down
again in order to satisfy the equivalent relation

ω0 <
1

2Nc

sin

(
2π

Nc

−1

)

. (5.9)

For the single-cluster fixed-point with Nc = 1, however, 1max > π ,
and, therefore, the demarcation curve remains constant atω0 = 1/2.
This behavior is illustrated in Fig. 4 for Nc = 1, 2, and 3.

Second, the phase diagram will remain the same for N = 12a,
a ∈ N

+ on larger scales, with additional domains emerging in the
low-ω0, low-1 regions of the phase diagram. Furthermore, from
Proposition V.1, the partition, that is, the most stable at fixed num-
ber of clusters is the homogeneous one, where all clusters have the
same size, if it exists.

C. Other distributions of natural frequencies

So far, we have considered a sharply peaked, symmetric distri-
bution of natural frequencies ωi = ±ω0 and one may wonder how

much of our findings remain valid for more general distributions.
Keeping the condition

∑

i ωi = 0 without loss of generality, the
condition to form independent clusters is that

∑

i∈3 ωi = 0 within
each cluster 3 [see Eq. (3.1)]. Broadening the distribution of ωi’s,
this condition becomes harder to satisfy, which strongly limits the
number of viable partitions. In particular, if natural frequencies
are randomly distributed in certain intervals, none of their partial
sums will vanish and only the single cluster fixed-point survives.
Nontrivial partitions leading to the rich phase diagram shown in
Fig. 3 require nonrandom distributions of natural frequencies with
vanishing partial sums.

D. Opinion dynamics with changing rate

Our analysis extends directly to the continuous-time opinion
dynamics with changing rate defined by

ẋi = ωi −
1

N

N
∑

j=1

aij(xi − xj), (5.10)

aij =

{

1 if |xi − xj| < 1,
0 otherwise.

(5.11)

We consider two different cases.
First, let us consider bounded opinion variables, xi ∈ [xmin,

xmax]. Without loss of generality, one may consider xmin = −π and
xmax = π . In that case, the discussion above remains the same,
except for Eq. (5.4) which becomes

2π −

Nc∑

α=1

|x∗
α,+ − x∗

α,−| > (Nc − 1) ·1, (5.12)

because boundary conditions are not periodic anymore. The two
conditions for the existence of a partition characterized by {fα} are
given by

ω0 ≤ min
α

[fα] ·1, 1 ≥ 0, (5.13)

instead of Eq. (5.1), and

2π − ω0

Nc∑

α=1

f−1
α > (Nc − 1) ·1, (5.14)

instead of Eq. (5.5). This leads to a similar phase diagram as in Fig. 3,
with demarcations being straight lines instead of curves.

Second, one may consider unbounded opinion variables,
xi ∈ R. In that case, clusters can be moved away from each other
unboundedly and there is no restriction leading to the condition of
Eq. (5.14). The phase diagram is then composed only of straight lines
with the slope given by minα fα .

VI. CONCLUSION AND OUTLOOK

Above, we have introduced and given an extensive analysis of
the dominant synchronous states of the bimodal Kuramoto model
with bounded confidence. The combination of nonlinear dynam-
ics and state-dependent couplings renders the analysis of this model
very challenging. Nevertheless, we manage to give a complete analy-
sis of its synchronous fixed points when the interactions are all-to-all
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on noninteracting clusters of oscillators. We have also showed that,
even though other fixed points exist, they are less stable and have a
smaller domain of existence in the parameter space. Consequently,
our analysis covers the most relevant synchronous states of the
model.

In contrast to most works on clustering in bounded confidence
models, our findings do not rely solely on numerical simulations.
Our theory provides an analytic description of the fixed points of
the Kuramoto model with bounded confidence, which is valid inde-
pendently of the system size and parameter values. In particular,
in the limit ω0 ↘ 0, our results translate directly to the standard
models of coupled dynamical agents with bounded confidence.23

It sheds an instructive light on the conditions under which clus-
ters can emerge in models of opinion dynamics, emphasizing, in
particular, the role of the confidence bound (1) and of the self-
driving term (ω0). Furthermore, our stability analysis of different
clustering structures gives an insight into the robustness of dif-
ferent opinion patterns against external disturbances. Assuming
that models of opinion dynamics accurately represent some aspects
of opinion formation, our results unravel the role of some social
parameters in the construction and polarization of opinion in the
population.

As stated in Sec. V C, the richness of behavior observed in this
manuscript derives mostly from our specific choice of natural fre-
quencies. Further investigations should investigate other interesting
distribution of natural frequencies.
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